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ABSTRACT. The asymptotics for the number of field extensions of Q with a fixed Galois group
are not known in general, but Malle has conjectures for them. However, in many specific cases,
such as for all abelian groups, as well as for some select non-Galois extensions, the conjectures
have been proved. In this paper we review some recent results and some aspects of their proofs,
such as the geometric sieve. For the case of S, X A extensions that we consider, we review the
methods for using the asymptotics for fields with fixed Galois groups to find the asymptotics for
the fields whose Galois group is the product of the two groups. In particular, we need a uniformity
theorem, to find an upper bound for the number of extensions ramified at large primes, because
in the proof we will be summing over ramification conditions. The main tool which is used here is
the geometric sieve, which is used to count points on varieties, and relate that to this problem by
using the parametrization of quintic rings which writes the discriminant as a polynomial defined on
a vector space, and by finding a subscheme in which the polynomial must have certain divisibility
conditions. More specifically, we will review a result which estimates the growth of the number of
lattice points on a fixed variety in a given region, with the size of region as the region expands.
We will also review a result to convert the problem of counting orbits on vector spaces such that a
given polynomial satisfies a prescribed set of congruence conditions into a problem of computing an
integral over an appropriate fundamental domain of a group action. The integrand in this case will
be of the form in which the first result will be applicable.

1 Introduction

To understand the primes in a field extension K/Q, we may consider the discriminant Disc K of the extension,
which has the property that the primes dividing the discriminant are the primes ramified in the extension. A
way of determining the distribution of isomorphism classes of number fields, using a more analytic approach, is
to consider those with a fixed Galois group G = Gal(K/Q) (or an analogue for non-Galois extensions, which will
be mentioned below) whose discriminant is bounded by some number X, and find the asymptotics in the limit
X — oo. This would be a measure of the number of additional properties of number fields with Galois group G
in addition to its discriminant. For example, for quadratic fields, there is only one field for a given discriminant
D (namely K = Q(v/D)). For Z/27 x 727 extensions, note that, for example, Disc Q(v/a, V) = 64a*b*> when
a and b are squarefree, gcd(a,b) = 1, and @ = b = 3 (mod 4), as {1,/a, VD, HT‘/E} is an integral basis. The
number of such extensions with Disc K = 64pip3---p2 with p; = 3 (mod 4) is then at least 2"~' (these take
the form K = Q(\/ﬁ, va) where P = pip2---p, and « is any product of the primes p;). More generally, the
allowed discriminants are the squares of squarefree integers multiplied by a small power of 2 depending on modulo 4
congruence conditions on the discriminants of the three quadratic subfields. As the number of extensions with a fixed
discriminant with n prime factors tends to infinity with n, we see that the number of Z/27Z x Z/27Z extensions should
grow asymptotically faster than v/X. (Note that as remarked in [16], the number of squarefree integers less than x is
O(z), hence we see the number of allowed discriminants up to X is O(VX).) However, the number of Z/2Z x Z/27Z
extensions K/Q with a given discriminant Disc K = X is o(X°) for any £ > 0 so the number of extensions will grow
much slower than X.

The asymptotics for the number of Galois extensions of Q with a given Galois group G with discriminant at most
X have been conjectured by Malle [13]. For more general non-Galois extensions K with Galois closure L, we may
consider as in [13] the subgroup Gk < Sik.q) resulting from the action of Gal(L/Q) on the set of embeddings K — L.
Using the notation from [17], for any group G with an embedding G — S,, we would like to find the asymptotics of

N(G,X) :=|{K/Q: |Disc K| < X, Gk = G as permutation groups}|,

where by Gx = G as permutation groups we mean that there is an automorphism ¢ € Aut S, such that ¢(Gk) = G.
In the case of Galois extensions, note that there is a natural embedding G — S| for any finite group G. There
happens to be one restriction on embeddings G — S,, that are isomorphic to groups of the form Gk as permutation
groups, in particular, that the action of G on the set {1,2,...,n} is transitive. For the group Gk, this follows from



the result in Galois theory that all subfields of the Galois closure L of K which are isomorphic to K are actually
Galois conjugates of K. Malle’s conjecture over Q for general (not necessarily Galois) extensions is the following.

Conjecture 1. (Malle, 2004) [13] Let G — Sy be an embedding such that G acts transitively on the set {1,2,...,n}.
Let Og4 be the number of orbits in {1,2,...,n} under the action of the cyclic subgroup (g) < G. Consider the action
of Gal(Q/Q) on the group gemerated by a primitive |G|-th root of unity (; this extends to an action on G by the

function g — ¢!€V/°*4 9 Let AG) = rg{r{ll}(n — Oy) and let b(G) be the number of orbits of the set of conjugacy
g€

classes {[g] : n — Oy = a(G)} under the action of Gal(Q/Q). Then
N(G, X) ~ CXY A 1pg" @=L x
as X — oo for some constant C' depending only on G. (Note that n — Oy is typically called the index of g.)

This conjecture was actually stated in [13] for arbitrary base fields k, where the constant ¢ can also depend on
k, and the constant b is modified slightly. In particular, as the absolute Galois group Gal(Q/Q) acts on the set of
conjugacy classes of G, we may restrict the action to the absolute Galois group of k and define b(G, k) as the number
of orbits of the set of conjugacy classes |g| : n — O, = A(g) under the action of Gal(Q/k). In this paper, although
much work has been done over arbitrary base fields, we will be reviewing results and their proofs only over the base
field Q.

Let us evaluate this expression for the case G = Z/2Z x 7Z/27Z that we were considering earlier. First, as all
elements have order 2, the action of the absolute Galois group Gal(Q/Q) on G is trivial. Then the natural embedding
G — S| which sends each element g € G to the permutation on the elements of GG corresponding to multiplication
by g, has image {1, (12)(34), (13)(24), (14)(23)} C S4, so that Oy, = 2 for all nontrivial g € G. As G is abelian, we
deduce that A(G) = 2 and b(G) = 3, so that Malle’s conjecture predicts that N(G, X) ~ CX'/?1og? X for some
constant C', which agrees with the earlier analysis.

Note that for Galois field extensions, Wright [18] proved the conjecture for all abelian groups G (in fact over
general number field bases k). In this case, the embedding of G as a permutation group is the natural one, and the
size of an orbit O, for any g € G is simply the index [G : (9)] = |G|/ord g. Then if p is the smallest prime factor of
|G|, O4 is maximized for nontrivial g when g has order p, so that A(G) = |G|(1 —1/p). As remarked in [13], we may
deduce that b(G) = (|G[p]| —1)/[Q(¢) : Q] where ( is the primitive p-th root of unity; this is because Oy is maximized
if and only if ¢ is a nontrivial element of G[p], and the subgroup (g) for any such g has orbits of size [Q(¢) : Q] under
the action of Gal(Q/Q). Then Malle’s conjecture for abelian groups G embedded naturally in Sg| is

[p)l —
N(G,X)~CX =D1C] log‘[G@(pC)liQ]l X

for some constant C. Wright proved this and a more general result with specified ramification conditions (see Section
2). A similar result for extensions K/Q which are direct products of non-Galois S, degree-r extensions and abelian
Galois extensions (that is, in the earlier notation, Gx = S, x H where H is abelian and S; x H is regarded as a
permutation group acting on the set {1,2,...,7} X H) has been proven in [14, 17] in the cases r = 3,4, 5. For these
permutation groups it turns out that the constants A(G) and b(G) take much simpler forms. Following [17], if p is
the smallest prime divisor of |H| and (g,h) € S, x H, the number of orbits O, ) is simply the product O,05 of
the number of orbits of ¢ in {1,2,...,r} and the number of orbits of h in A. By noting that O, is maximized for
nontrivial g € S, when g is a transposition and Op, is maximized for nontrivial h € H when h has order p, we deduce
that the maximum value of O, ;) occurs when g is a transposition and h = 1, so that A(S, x H) = |H|. Since all
transpositions in S, form a single conjugacy class, b(S, x H) = 1, and Malle’s conjecture in this case becomes the
following theorem.

Theorem 2. (Masri-Thorne-Tsai-Wang) [14, 17] If G is the product S, x A with a permutation action on the set
{1,2,...,r} X A, there exists a constant C depending only on G such that

N(G, X) ~ CX 1A
in the limit X — oco.

To find the asymptotics for S, x A extensions, with the embedding S, x A — S, 4| mentioned above, following
[17], one of the necessary steps is to obtain uniformity theorems, which give upper bounds for the number of non-
Galois S, degree-r extensions with certain ramification conditions. These theorems show that the number of S,
degree-r extensions of Q with discriminant bounded by X which are totally ramified (or overramified for r = 4, where



overramified will be defined shortly) at some primes p1, p2, ..., pm is uniformly smaller for larger g. More specifically,
for any positive squarefree integer ¢, we may define [17]

Nq(G, X) :=|{K/Q: |Disc K| < X, Gk = G as permutation groups,
K totally ramified or overramified at p Vp|q}|,

where overramified applies to » = 4 and totally ramified applies to r = 3,5. Here a prime p is overramified in an Su
non-Galois quartic extension K/Q (as defined in [1]) if p splits in K as a product of primes all of whose exponents
are greater than 1. Then we have the following theorem, for which the proof in the case » = 5 will be outlined in
Section 5.

Theorem 3. For any positive squarefree integer q and for any € > 0, we have the following estimates for Nq(Sr, X)
as X — oo:

(a) (Datkovsky-Wright, 1988) [9] Ny(Ss, X) = O(X/q*™%)
(b) (Bhargava, 2005) [1] N,(S4, X) = O(X/q*™°)

(¢) (Wang, 2017) [17] N,(Ss, X) = O(X/q*/*°¢)

In the sections below, we will explain how to combine the asymptotics for non-Galois S, degree r extensions and
for abelian A extensions into the asymptotics for S, x A degree r|A| extensions below with restrictions on A (in
particular, we assume that |A| is relatively prime to r!, which is slightly stricter than the conditions in [17]). We will
also need a uniformity result for Galois A-extensions, this time for all ramification types (see Section 2).

There are two methods used in the proof of Theorem 3, the first method for » = 3 and 4 uses class field theory,
and the case r = 5 uses the geometric sieve in [4]. The geometric sieve consists of two main steps. The first step,
the Ekedahl sieve (used in [16] for instance), is used to count the number of values of a polynomial that are not
multiples of p* for appropriate integers k and primes p. In the applications in [3, 16], this is used to count the
number of squarefree values of a polynomial, whereas to prove Theorem 3, we will be parametrizing non-Galois S5
quintic extensions using a polynomial, and using the Ekedahl sieve to apply the ramification conditions. For the
case of computing the density of squarefree values of a polynomial, the Ekedahl sieve method in [16] uses the ABC
conjecture. For the specific polynomials that are associated with counting non-Galois S, degree-r extensions for
r = 3,4 and 5, the ABC conjecture does not need to be assumed by instead proving a series of conditions relating
the polynomials to the orbits of vector spaces under the action of a group variety [4]. We will be explaining some of
these tools in Section 4.

2 Products of Number Fields

Consider the product of two number fields K and L, we would like to relate the discriminants of K and L with
the discriminant of the compositum KL, in order to use asymptotics for non-Galois S, degree r extensions and for
abelian extensions, for example, to compute the asymptotics for S, x A degree r|A| extensions. We will follow [17]
throughout this section unless otherwise noted.

In general, there could be two problems in counting such number fields. The first is that the degree of KL may
not be the product of the degrees of K and L. However, we note that if K is a non-Galois S, degree-r extension,
L is a Galois A-extension for A an abelian group whose order is relatively prime to 7!, and K’ is the Galois closure
of K, we find that K'NL = Q as [K'NL: Q]| ged([K' : Q],[L : Q]) = ged(r!, |A]) = 1. For such extensions, the
Fundamental Theorem of Galois Theory implies that [K'L : Q] = [K’ : Q][L : Q], and by taking explicit bases we
may see that the degree of KL is the product of the degrees of K and L as field extensions of QQ, and further, that
Grr = Gk x Gr. (It is important to consider the Galois closure of K, note that, for example, the extensions Q(¥/2)
and Q((3) have relatively prime degrees and Q is their intersection, but the compositum is a Galois extension with
Galois group S3.)

The second problem is that the product of the rings of integers Ok and O of K and L is not necessarily equal
to Ok, so we cannot easily extend integral bases on Ok and O to Okyr. This can be seen, for example, for the
fields K = Q(\/ﬁ) and L = Q(\ﬁ), when the algebraic integer H‘%ﬁ ¢ Ok Oy. Instead, the product Ox O becomes
a possibly non-maximal order in K'L. This problem, unlike the previous one, does occur for the S, x A extensions
that we are considering, and the rest of this section will discuss the resolution of this problem.

First, we compute the discriminant of the order Ox O for number fields K and L with degrees k and ¢ over
Q, such that KN L = 1. If {ri,ro,...,7%} and {s1,s2,...,s¢} are integral bases for Ok and O, as OOy is



an order in a field of degree k¢ over Q, the product {ris;|1 < i < k,1 < j < £} is an integral basis for Ox Oy,
and the discriminant is det(Tro o, (741541 7is542)) (61,41),(i,52)es Where S ={1,2,...,k}{1,2,...,£} (using the trace
definition of the determinant [2, 15]). Note that the matrix that we are taking a determinant of has indices in S.
Now

Tro o, (Ti1 8j1Tis852) = Troy (riyriy ) Tro, (s51852),

The determinant can be naturally expressed as a sum over all permutations of S, we will show that we only need to
sum over those permutations arising as a product of permutations in Sy and S; (here for a € Sy, and 8 € Sy, define
the product a8 by aB(i,j) = (a(i), 8(7))). Indeed, if o is a permutation of S that does not arise as a product in this
way, we may assume that 7(o(i,5)) # 7(o(i,5')) for some i, where 7 is the projection to the first coordinate. For ¢
the transposition ((7,7)(7,5’)), the permutation o ot yields a term which is the negative of the term corresponding to
o in the discriminant. Using this reduction, we may explicitly compute that

Disc OOy, = (Disc (’)K)Z(Disc (’)L)k.

The key step in [17] used is to determine the differences between Disc K L and (Disc K)“(Disc L)* for a finite
range of primes p < M. More specifically, for any M > 0, let Disc(,) F' be the largest power of p dividing Disc F' for
any number field F', and define

Discar KL = [] Discy KL [ (Discqy) K)*(Discgy) L)*.

p<M p>M

As Disc KL | Disc O for any order O C Ok, ([15], Proposition 1.2.12), the quantity Discy KL is an upper bound
for Disc KL, and is equal to Disc KL for any M which is larger than all of the ramified primes in K L/Q.

We will now explain how to get an upper and a lower bound for N(S, x A, X), using the definition above. We
will first need to relate the discriminant of KL with the discriminants of K and L using ramification conditions, and
then we will find similar relations for Discys K L. Note that the fields in question in the two lemmas below are not
necessarily Galois extensions.

Lemma 4. [17] Let F' be a number field and let p { [F : Q] be a ramified prime in the extension F//Q. Then Disc,y F
only depends on the inertia group I,(F/Q) < Gk < Sip.q of F//Q at p.

Proof. This is a consequence of the result ([15], Theorems II1.2.6 and I11.2.9) that log, Disc(,) I when p { [ : Q] is
the sum } . (e; — 1) f; where j varies over the primes of K under p, e; denotes the ramification index and f; denotes
the inertia degree at the prime p;|p. To compute the number of orbits in the set of embeddings F — Q, we note
that F' ®q Q) is a direct sum of local fields (in particular it is the direct sum of the completions of F' at the primes
splitting at p with the completion at a prime p; occurring e; times). The set of embeddings F' — Q now corresponds
to the set of Q,-algebra homomorphisms F ®g Q, — Q,, (this is similar to what is described for general rings in [2]).
The Qp-algebra homomorphisms ¢ : F' ®@q Q) — @p are those which are an embedding in one factor and zero on all
of the others. As |Gal(]F£/]Fp)\ = f for any positive integer f, the number of orbits under the inertia group among
those homomorphisms which correspond to an embedding of Fy,; is f; (the inertia group permutes the e; different
factors of F};). The total number of orbits is then the sum } f;, and as the inertia group on F//Q at p is defined
by local conditions, this inertia group has >_; f; orbits. Then log, Disc(,) F'is >° (e; — 1)f; = [F: Q] — >, f; only
depends on the action of the inertia group on the [F': Q] embeddings F — Q. O

The next lemma shows that we only need the inertia groups of two fields K and L to determine the largest power
of p dividing the discriminant of the compositum K L.

Lemma 5. [17] Let K and L be number fields of degrees r and s, respectively, such that Gxr < Sys is the product of
Gk < 8- and G < S,. Suppose that pt [KL : Q] is a prime. Then Disc,y KL only depends on the action of inertia
groups of K and L on the sets of embeddings K — Q and embeddings L — Q.

This lemma follows from the previous one, by noting that the inertia group of KL is a subgroup of S5, the group
of permutations on the set of pairs of embeddings K — Q, L — Q, as the product of the inertia groups of K and L
in S, and Ss. Then the orbits under the action of the inertia group of KL are products of orbits under the action of
K and orbits under the action of L, so that

DiSC(p) KI — p'r‘s—(r—logp Disc(,) K)(s—log, Disc(,,) L)

_ p—(logp Disc(,) K)(log, Disc(py L) (DiSC(p) K)S(DiSC(p) L)r (1)



which only depends on the desired actions of the inertia groups of K and L by Lemma 4.

Now we will count S, x A number fields by counting the number fields with a specified set of local conditions and
summing over all possible ramification types, assuming that ged(r!, |A|) = 1. By the two lemmas above, for primes
p 1 r|A], Disc(py KL can be expressed in terms of Disc(,y K and Disc(,y L by specifying the inertia groups of K and L.
Let & denote the set of all finite sets S of primes, with a choice of subgroups A, < S,, B, < S, for each p 1 r|A|, and
a choice of Qp-algebras 2, and B, which are rank-r and rank-|A| Q,-modules, respectively, for every p | r|A|. For
any S € G, we will suppose that the pair of fields (K, L) € S if the set of primes at which both K and L are ramified
is S, if A, and B, are the inertia subgroups of K and L for p { r|A|, and if A, and B, are K ® Q, and L ® Q, for
p | r|A|. Since the exponent of p in the discriminant of a field F' is the sum of the valuations of the discriminants of
the direct summands of F ®q Qp, and KL ®qg Q, can be expressed in terms of the Qp-algebras K ®qQp and L ®¢q Qp,
we see that Disc KL can be expressed in terms of Disc K and Disc L, and the element of & corresponding to the
ramification of K and L at the primes of Q. For some fixed S € &, by taking the product over all p of equation (1),
and noting that the power of p on the right hand side is not equal to 1 if and only if p € S,

Disc KL = (Disc K)!*!(Disc L)" [ p~8r Piscw F)0ogp Discip) 1), (2)
peS
In the expression above, note that dp s,1 := log, Disc(;) K and dp,s,2 := log, Disc(,) L are completely determined by
pand S.
We will now find lower and upper bounds for N(S, x A). First, we will define Ny (S, x A) just as we defined
N(S; x A), but with Disc KL replaced by Discys K L. Note that by equation (2), if the pair of fields (K, L) € S, and
S is the associated set of primes, Disc KL = Discys KL for all M > max S. Then by equation (2),

N(Sy x A, X) = Nu(Sy x A, X) = > |{(K,L) € S | Disc KL < X, Discys KL > X}
Se6
< > H(K,L)eS|Disc KL < X}

Seé
max S>M

3 ’{(K, Lyes ‘ (Disc K)(Disc L) < X densﬂldpvsrz}]. (3)

Seé peES
max S>M

We can also compute Ny (S, x A, X) using a similar sum over ramification conditions. In this case, it turns out to
be easier to consider a different set of local conditions, and to consider the set of all primes up to M (as the largest
power of p dividing Discys KL is (Disc(y) K)lAl (Disc(py L)"). Let G be the denote the set of all S € & with the set
S to be chosen as the set of all primes less than M, and where trivial inertia groups may be chosen for any of the
primes. Note that Gy is a finite set, while & is not. We then obtain the result

Ny (Sr x A, X) = Z H(K, L)esS ’ (Disc K)IA\(Disc L) <X H p—dp,s,ldp,sa}’ (4)

Se6 p<M

just as in equation (3).

We will now explain how the results for S, extensions and A extensions are combined to yield a result for S, x A
extensions. First, we will state the results for S, and A extensions that we will need. For S, extensions with r = 3,4,
or 5, the general results for arbitrary ramification conditions are given in [7], and in particular, they determine
constants C's depending on r such that

Ns(Sr, X) ~ CsX, (5)
where Ns(Sr, X) is the number of non-Galois S, degree-r number fields K satisfying the set of local conditions S € &.
Similarly, Wright [18] derived a result for Ns(A, X) (defined similarly), and found constants Ds such that

Alpg]|—1

| ]
Ns(A, X) ~ DSX@of(f)\A\ log RO X (6)

for any S € &, where po is the smallest prime divisor of |A|. Next, we will use the following lemma for combining
distributions. For the proof, which uses partial summation, see [17].

Lemma 6. (Wang, 2017) [17] Let f1, f2 : N = N be monotonic functions, and let F;(X) be the largest integer such
that f; < X. Suppose that C1,Ca, 11,72, 81, and sy are constants such that F; ~ C; X" log® X. If a and b are integers
with b > ara/T1, there is a constant C' depending on C1 and C> such that

[{(z,y) € N x N|fl($)afg(y)b <X}~ CX"/*1og™ X.
If r1,72, 81, 82,a, and b are fized, then C < DC1C2 for some constant D that does not depend on C1 and Co.



Once these lemmas are used, we may compute the sums in equations (3) and (4). However, we will then need the
uniformity theorem, Theorem 3, to show that the infinite sum in equation (3) is bounded. The most important aspect
of Theorem 3 and the similar theorem for abelian extensions (for a proof of the uniformity of abelian extensions, see
[17]) that has not been shown in the estimates in [7] is the explicit dependence on the squarefree integer q. Precisely,
the constant Ds = O(q_ﬁﬁ) for any € > 0. Also, the proof of the results in [7] uses many similar geometric
sieve techniques, such as Lemma 11, and the consideration of fundamental domains in Section 5.

Let us combine the results above to find the desired asymptotics. For N (S, x A, X)) we can use equations (5)
and (6) and Lemma 6 directly to find that for every S € Gy, there exists constants Bs and a constant C' such that

Nu(Sr x A, X) ~ Z Bs X141 = oy x V141 -
ses

noting that r > pfﬂl, and that the sum is finite. Here Chs := Y 5. Bs-

It remains to uniformly bound N(S, x A, X) — Na(Sr x A, X) as M — oo. Note that in this case we have to
choose the distributions that will be input into Lemma 6 carefully; the natural choices Ns(Sy, X) and Ns(A, X) do
not yield optimal bounds as the discriminant has a common factor over all fields satisfying the local conditions in S.
For each § € G, let F1(S, X) be the number of non-Galois S, degree-r fields satisfying the local conditions in S such
that Hpgs Disc(,y K < X, and let F5(S, X) be the similarly defined distribution for abelian extensions. Then by the
uniformity theorems, if 7' denotes the set of totally ramified (or overramified primes) in S, and ¢ is the constant such
that Cs = O(q™""®) for any € > 0 when ¢ =[] ., p (where t = 2 for 7 = 3,4 and t = 4/15 for r = 5),

Fi(8,X)=Ns (ST,X dep,s,l) - O(X dep,s,l H p—t+a)

pES pES peET
and
LAlpo)l—
F>(S,X) = Ns (A,X 11 pdp=$=2) = O(X Go=DTAT log G X D dep,s,2<1+6/2))
pES peES

PQ |Alpgll—1
- o(x o-DIAT Jog [(OA X Hpgdp,&Z),
peS

for any € > 0 where the constants do not depend on §. By Lemma 6, we see that for sufficiently large X, there exists
some constant C' such that

N(S,« X A,X) —N]\,I(S»,- XA,X)

< ox /1Al § Hpdp,S,l+5dp,$,2+(dp,5,1dp,5,27‘A|dp,S,177“17”,5,2)/“4' H p*t+6
Ses peES peT
max S>M
= ox /14l § Hp*dp,s,z(dp,s,lfr)/\f\l H p*t+€.
Ses peES peT
max S>M

Now we can factor out the contributions from the primes p | r|A|. This can be achieved by splitting the sum over
elements of G into a sum over the part of & corresponding to local conditions over primes p 1 r|A|, and a sum over the
local conditions on primes p | r|A], and the latter sum is finite (since we may assume that M > r|A|). In particular,
we may bound the contribution from primes dividing r|A| by some constant C’. We may replace the sum over & by
a sum over tuples of pairwise relatively prime squarefree integers (q¢, ) where G ranges over the subgroups of S,
and H ranges over the subgroups of S| 4|. For any S € &, the integer gg,z is the product over all p € S such that the
groups corresponding to p in § are G and H. We may also replace the condition max S > M by the much weaker
bound maxqg,g > M.

We will now bound the exponent of p in the product. Note that by [15], Theorems I11.2.6 and I11.2.9, we know that
there exists ramification indices e; and inertia degrees f; such that dp,s,1 = > (e; —1)f; and >_, e, f; = r. Likewise,
there is some integer e | |A| greater than 1 such that d, s,2 = |A|(e — 1)/e (remember that we are considering Galois
A-extensions, so there is only one ramification index and one inertia degree). If r = 3, note that the inertia group at p
corresponds to a totally ramified extension if and only if d, 5,1 = 2 (in fact this is the maximum value of dp,s,1). Then,
we will assume that ged(6,|A|) = 1 (this is stricter than the assumption used in [17]; the extension to 3 | |A| uses
similar methods, but requires more casework, and will be omitted here). In this case, dp,s,2(dp,s,1—7)/|A| < 4/5(2—3),
and accounting for the factor of p~'*¢, we note that the largest possible power of p in the product is p~8/5*¢. For



r = 4, a similar argument applies, because if dp s,1 is its maximum value of 3, the inertia group corresponds to an
overramified (in fact totally ramified) extension and 2 is the maximum value achieved by other inertia groups. Note
that the uniformity theorem for » = 4 is more naturally proved for overramified extensions [1, 17], hence it is stated
that way. The largest possible power of p in the product is again p78/5+5. If r = 5, note that now ¢t = 4/15 and
dp,s,2 > 6]A|/7, hence the largest possible power of p in the product is p O/ Tp=4/15+e — p=118/105+2 (41 the totally
ramified case).

Combining all of the above results, we find that

N(Sr x A, X) = Nu(Sr x A, X) <co'xV/I4 %" T ac'ie/oe+
max(qg, g)>M G,H
<cc' x4l [iq—118/105+e}D’1 i g 118/105+<

q=1 q=M+1

< CC'DXI/‘A‘((118/1O5 —e)P? Z g L18/105+e

qg=M+1

As the series for ((—118/105 + ¢) converges for sufficiently small e, the right hand side is well defined. Further, if
we combine this with equation (7), since Cy is increasing, and the previous result bounds Cs from above, as can be
seen by taking the limit supremum as X — oo of Xfl/lA‘N(ST x A, X)), lima— o0 Cu exists. Taking the same limit
supremum and then taking M — oo shows that N(S» x A, X) ~ (limMﬁoo CM)XI/‘Al, which is the desired result.

In the remaining sections, we will describe the proof and necessary tools, such as the geometric sieve and the
parametrization of quintic rings, behind the uniformity theorem, and then give an overview of the proof in the case
r = 5. The cases r = 3,4 in [17] which will not be covered here use class field theory methods.

3 The discriminant polynomial for non-Galois extensions

It turns out that there is a general polynomial, called f, in [3, 17], such that for an appropriate parametrization of
the rings of integers of non-Galois degree-r field extensions K/Q with Gx = S,, the polynomial f, evaluated at a
field K is the discriminant of K. A suitable parametrization has been determined for » = 3,4, 5, in terms of group
actions on vector spaces over Z. For the purposes of the proof of the uniformity theorem, Theorem 3, we will just
describe the construction for the case r = 5. For the rest of this section we will be following [2].

For any extension K/Q, the ring of integers Ok is a free Z-module of rank [K : Q]. For any commutative ring
extension R/Z which is also a free Z-module of rank 5 (these are generalizations of the ring of integers of a number
field of degree 5 over Q), we may choose a basis (1,71, 7r2,73,74). Then a commutative ring extension R/Z which is a
free module of rank 5 (simply known as a quintic ring) is determined by the coefficients C’;k defining the multiplicative
structure of the ring,

Tk = C]Ok + lek’fj + Cjzk’/‘z + C]l-))k’l“:; + C;km‘

An arbitrary set of coefficients {C}k |0<1i<4,1<j,k <4} will correspond to a quintic ring if it is symmetric in j
and k and the associative law holds.

The parametrization of quintic rings in [2] associates to a ring R resolvent rings S which are rank-6 free Z-modules,
and to every pair (R, S) a quadruple of 5 x 5 skew-symmetric matrices up to GL4(Z) X SL5(Z) symmetry, that is, an
orbit of the tensor product Z* ® A2Z® under the action of GL4(Z) x SL5(Z). For any element (M, M2, M3, M4) €
Z* ® N?Z°, the structure coefficients C’;k of the ring are constructed as follows. For any 2m x 2m skew-symmetric
matrix B, the determinant of B is the square of a polynomial of degree m in the coefficients, and the Pfaffian of B
is defined as this polynomial. For m = 2, the Pfaffian of a 4 x 4 skew-symmetric matrix B happens to be

1
Pi(B) = 5 Z sgn(0) By (1) (2) Bo(3)o(a) = B12B34 + B14Bas — B13Bay,

oES,

which is quadratic in the coefficients of B. For a 5 x 5 skew-symmetric matrix M, there are 5 natural 4 x 4 skew-
symmetric submatrices B;; these can be constructed from M by removing the ith row and the ith column. Then we
can define a symmetric bilinear form Q : A%Z® x A?Z°% — Z° such that (Q(X, X)); = 2(—=1)""'Pf(B;), and a quadratic
form P(X) := 1Q(X, X). (Note that for a general quadratic form P(z) = Yi<icjen Aijziz; on Z", we can define a

symmetric bilinear form with integer coefficients Q(z,y) = Yi<icj<n Aij(Tiy; + T;5y:), then 2P(x) = Q(x,z).) Now



if 7, j, k are distinct and nonzero, define
Ol = sgn(ijkt) P(M;)" M, P(My),
Cy; = sgn(ijkt) Q(My, M;)" M; Q(M;, My),

where ¢ is the integer such that ijk¢ is a permutation of 1,2,3,4. For any ¢ and j, if k£ is the integer such that
{i,k} = {1,2} or {3,4}, and ¢ is the integer such that ijk{ is a permutation of 1,2,3,4 as before (if it exists,
otherwise set C7; = 0), let

CY; = sgn(ijkt) Q(M;, My)" My P(M;),
Cly = sgn(ijke)(Q(M;, M;)" My Q(My, M)
- Q(Mj7 Mk?)TMg P(Ml))7

4
Ch=> ChCr;—ChC,
n=1

where any fixed n may be chosen for the last equation. It has been shown in [2] that this set of coefficients yields a
quintic ring R(M) because it satisfies the associative law (see [2] for more details), and in particular the last equation
holds for all n if it just holds for one value of n.

This particular parametrization of quintic rings is useful because of the following properties of this correspondence.
First, we will mention one useful lemma about the group action itself.

Lemma 7. (Bhargava, 2008) [2] For any v € Z* ® A*Z®, the stabilizer of v in GL4(Z) x SLs(Z) is isomorphic to the
symmetric group Ss.

We also mention that there is an invariant polynomial f5 for this action, and that the following theorem holds.

Theorem 8. (Bhargava, 2008) [2] For any M € Z* ® A*Z®, the ring R(M) constructed above is invariant under

the action of GL2(Z) x SLa(Z). If two elements M and M of the vector space V := Z* @ N?Z° of quadruples of
5 X 5 skew-symmetric matrices yield the same set of coefficients C},, and those coefficients correspond to a mazimal

quintic Ting R (that is, there is no quintic ring R* C R), M and M must be in the same orbit under the action of
SLs(Z). Further, for every mazimal order R there is exactly one M € Z* @ N*Z° such that R = R(M). Under this
correspondence, for any M € Z* @ A*Z°, Disc R(M) = fs(M).

4 The geometric sieve

The first part of the geometric sieve [4], is an estimate of the growth of the number of lattice points satisfying a set of
congruence conditions over an infinite set of primes in an expanding region, for example rB where B C R" is a fixed
compact region and r — oo. This part is known as the Ekedahl sieve [10], where the set of congruence conditions
is replaced by an appropriate algebraic variety over Z. We first start with the following lemma, which is useful in
constructing such an algebraic variety.

Lemma 9. (Bhargava, 2014) [4] Let f be a irreducible polynomial over Z in n variables (so that the greatest common
divisor of the coefficients is 1), let k be any positive integer, and let p be a prime. For any u € Z", say that f is
strongly a multiple of p* at u if f(u) = f(v) =0 (mod p*) whenever u = v (mod p). There is a subscheme Z C A}
(not depending on p) such that f is strongly a multiple of p* at u € Z™ if and only if the residue class u (mod p)
modulo p is a Z/pZ-point of Z.

Proof. We follow the method in [4]. Since f is irreducible, f has some nonzero coefficient modulo p. Let g € Z[z1]
be the polynomial g(z1) := f(z1,u2,us,...,un); then g reduces to a nonzero polynomial in (Z/pZ)[z1]. As g(u) is a
multiple of p* for all w = u; (mod p), by expanding g as a Taylor series g(u) = g(u1) + (v — u1)(dg/dz1)(u1) + ...
(note that this series has deg g + 1 terms), and inserting u = u1 (mod p), we find that d™g/dz* = 0 (mod p) for
all 0 < m < k— 1. By the definition of g, we see that 8™ f/dz7" = 0 for 0 < m < k — 1. Then the subscheme
Z =V(©@™f/oxT" |0 <m < k—1) of A} satisfies the conditions. O

We will prove a version [17] of the growth estimate for lattice points in an algebraic variety with only a finite
number of congruence conditions, where in the expanding region rB, r is now a lower triangular matrix acting on
B C R". The proof of such estimates [3, 17] involves induction on the dimension of the space, by considering an
appropriate projection A7 — A’Z“l, finding a uniform estimate for the number of points on a fiber over some element
of A2_17 and summing over all the fibers (where the inductive hypothesis is used to count the number of fibers).



Theorem 10. (Wang, 2017) [17] Suppose that Z is a closed subscheme of A whose codimension is k. Let q be a
squarefree integer with m prime factors and a be a positive constant. For any lower triangular matriz L € GL,(R)
such that Li; > a for all i, and any compact region B C R"™,

Hrés er

LBNZ" |z € Z(Z/qZ <C™D
|{$ S |$ S ( /q )}‘ = S§{1,2,IAI.1Aa,‘n},|S\§k qk—‘5|

for some constant C depending only on Z, and some constant D only depending on a, B, and Z. In the above, T
denotes the residue class of x.

Proof. We will prove this by induction on n, following [17]. Suppose n > 1, and (z1,x2,...,Zn-1) € Z" ' is any
point. First, we will estimate the number of points in LB which are also in the fiber over this point, and then
we will use the result for n — 1 to estimate the number of points with fibers of dimension 0 and 1, which together
give the result for n. Choose some a > 1/2 such that for all b € B, |b,| < a. If z := (21,22,...,2,) € Z" has
x € LB and T € Z(Z/qZ), there is some constant 3 which depends on B, L, and z; for 1 < j < n — 1 such that
Zn € (Lpn(B — @), Lnn(B + @)). This can be seen by noting that for any u € B, as L is lower triangular, (Lu), is
a linear combination of wui,us,...,u; with the coefficient of u; being L;;, and setting * = Lu for some v € B and
—a < Up < a. If x1, 0, ... 201 are fixed, so are ui,us, ..., un—1, and £, = B’ + Lnnu, for some constant 3’. If we
set B = '/Ln, (note that Ly, > a > 0), we find that |z, — Ln.3| < Lnna, as mentioned earlier.

Consider the subscheme Z' C A} consisting of those x, such that (z1,z2,...,z,) € Z. If dim Z’ = 1, then an
approximation in which we ignore the congruence conditions from Z entirely will be sufficient, and we note that

{an |z € LBNZ",T € Z(Z/qZ)}| < 20Lnn +1 < (2a + é)L,m.

If instead dim Z’ = 0, then Z' is given by some equation f(z,) = 0. As f(z,) = 0 has at most deg f roots in Z/pZ
for every p dividing ¢, as ¢ has m prime factors, the variety Z'(Z/qZ) has at most (deg f)™ points. For any given
v € Z/qZ, as

|(Lnn (B — @), Lun(B+ ) N{zn € Z | zn, = v(mod ¢)}|

_ ’Zﬂ (Lnn(ﬂfa) fv’ Lnn(B+ ) fv)’ < 2aLipy, 41
q q q
we find that
n — m 2aLnn m Lnn
Han |2 € LBNZ",T € Z(Z/qZ)}| < (deg f) [1 + T] < 4a(deg f)™ max {1, -
To complete the proof, we need to count the number of points (z1,z2,...,2n—1) that belong to each case. First,

consider the closure Z’ of the image of Z under the projection 7 : A} — AZ~'. By definition, dim Z’ = dim7(Z) <
dim Z, hence the codimension of Z' is at least k. Consider the set 7' C AZ™" of points y such that 7~*(y) C Z (that
is, the fiber at y is one-dimensional). If {f; | 1 <4 < r} is a set of defining polynomials for Z, we see that T is defined
by the polynomials in x1,x2,...,x,—1 which are the coefficients of the polynomials f; considered as polynomials in
just x,,. Hence T is a closed subscheme of A’ZL’I. As T x A} C Z, we see that T has codimension at least k in A’Zl’l.
By the inductive hypothesis, we find that

Hyen(LBNZ") |5eY'(Z/qZ)}| = {y € L'B'nZ""" |y € Y'(Z/qZ)}|

Hris er

m
<Ci"Dy max o k—1-18]
SC{1,2,..n—1},|S|<k—1 ¢

where L’ is the matrix L with its nth row and column removed, B’ = w(B), C; is a constant depending on just Z,
and D; is a constant depending on a, B, and Z. Similarly,

{y e n(LBNZ") |y € T(Z/qZ)}| = {y € L'B'NZ""" |y € T(Z/qZ)}|

Lr'r
< CF'Dy max &L

5C{1,2,..,n—1},|s|<k gk—ISI 7



for constants C2 and D2 satisfying the same conditions as before. Hence,

H{x € LBNZ" | T € Z(Z/qZ)}| < (2a + é)Lnn\{y en(LBNZ") |y € T(Z/qZ)}|

+ 4a(deg f)™ max {1, LZ” }|{y cn(LBNZ") |5 €Y' (Z/qZ)}|
HTQS LTT

<C™D m
- 5C{1,2,....,n},|S|<k  gF—ISI 7

where C' = max{C\ deg f,C2} and D = 4aD; + (2a + 1/a) D3, concluding the proof. O

The geometric sieve is a tool to calculate the number of values of a polynomial that satisfy a set of congruence
conditions. In the application in [4] to finding squarefree values, the set of conditions is infinite, but for the uniformity
theorem it is finite. The second step [3, 17] requires that the polynomial be an invariant for an appropriate action of
a group variety on a vector space, and will use the fundamental domain of this action to count the desired number.
For the uniformity theorem, a further averaging step [3, 6] is required, in particular, the following lemma will be
needed.

Lemma 11. [6, 17] Suppose that G is an affine group variety with an action on a vector space V' of dimension n
defined in terms of polynomials, and let f be an invariant polynomial for this action. Suppose that V' C 'V is an orbit
for this action such that the stabilizer of any element of V' is finite. Suppose also that the action of G(Z) on G(R)
has a fundamental domain F. For any x > 0, any squarefree integer q, and any positive integer c, let Ny(V' ¢, X) be
the number of orbits of V' under the action of G(Z) such that |f| is bounded by X and f is strongly a multiple of p°
for all plq. There exists a subscheme Z C Ay such that for any compact subset B C V(R),

Ny(V',e, X) = C/]r Hz e gBNV'(Z): |f(2)] < X, T € Z(Z/qZ)}|dg (8)

where dg is the Haar measure on G(R), and C is some constant depending only on B and the normalization of the
measure.

Proof. We follow [6] for much of the proof, and then follow [17] in rewriting the integral in terms of the subscheme
Z C Aj. Note that some steps in [6] are not needed here as we explicitly compute the relevant integral in terms
of the Haar measure of the set G5' (defined below), and sum over the orbits later. Also, the argument in [6] is for
the specific group action relevant for parametrizing non-Galois cubic fields, so we prove the more general form that
would apply to quintic extensions that would be used in [17].

Choose any element w € V', and consider the subset Gg C G(R) consisting of all g € G(R) such that gw € BNV’,
and define G' = {9~ '|g € Gg}. We will now show that G5 and G" are compact whenever B is compact. As G(R)
embeds as a closed subset of Ag® in the analytic topology for some m, a subset of G(R) is compact if and only if it
is closed and bounded (also in the analytic topology). Since the map Gg — B is an n-fold cover of B defined by
regular functions, there exists an open ball around any point of B with bounded preimage. As B C V(R) is compact,
we see that G is bounded and hence compact, and has finite measure. As inversion g — ¢! is a continuous map in
the analytic topology (it is also given by regular functions since G is a group variety), Ggl is also compact and has
finite measure.

We will now derive a relation to help us count the orbits where | f| is bounded by X. Let S be the set of all z € V'
such that f(z) is strongly a multiple of p° for all p|g (as f is an invariant polynomial, S is G(Z)-invariant). Let O(y)
be the orbit of some y € S under the action of G(Z), n be the size of the stabilizer of w under the action of G(R),
and F be the fundamental domain for the left action of G(Z) on G(R). If we choose ¢ € G(R) such that y = cw (as
G(R) is transitive), then for any x € O(y), and g,h € G(R), we see that ghw = x if and only if there exists some g’
in the stabilizer S,, of w under G(R) and some o € G(Z) for which ghw = acw and ¢ *a~"'gh = ¢/, or equivalently,
g = acg’h™ . For any compact set K C G(R), note that

Yo oweKnF) = > wKna 'F)=pK),

QE€G(Z) aEG(Z)

for 1 the Haar measure on G(R) (which is left-translation invariant, see [12]), so we obtain the relation

> / {heGp:ghw=a}dg=>  placgGp' NF)=>" pulcgGp')=nu(Gz"). 9)
zeo() aEG(Z) 9'€Sw
glesw
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Now we will sum over all orbits of S such that |f| is bounded by X. For any g € F, we see that

> {heGpighw=a}|=nl[{z € SNgB:|f(x) < X},
z€S, |f(2)|<X

as there are exactly n elements h € Gp such that hw = g~ 'x for any = € gB. By Lemma 9, the subscheme Z C A%
defined by the polynomials ¢’ f/dz, for all 0 < j < ¢ — 1 has the property that

{z€SNgB:|f(@)] < X} ={w € gBNV'(Z): |f(a)| < X, T € Z(Z/qZ)}.

Hence, summing equation (9) over the desired set of orbits gives
W(GEING(V' e, X) = / {z € gBNV'(Z): |f(x)| < X, T € Z(Z/qL)}| dg,
_F
so that equation (8) holds with C' = 1/u(G3"). O

5 The Uniformity Theorem for S5 quintic extensions

We would like to find an estimate for the number of non-Galois S5 quintic extensions of @ which are totally ramified at
a specified set of primes, and we will count these by discriminant, so we will count those extensions whose discriminant
is bounded by X. This will be a part of the error term for Malle’s conjecture for non-Galois S5 x A degree-5|A|
extensions of Q, so we will not need the precise constant factor. In particular, we will show that

Nqy(Ss5,X) = O(X/q"/"*°)

for any € > 0. We will follow [17] for the rest of this section unless otherwise noted, in this outline of the proof of the
uniformity theorem for r» = 5.

By the results in Section 3, quintic rings can be parametrized by orbits of the vector space V(Z) = 7* @ N275
under the left action of G(Z) = GL4(Z) x SLs(Z), and the discriminant of a quintic ring is the value of the invariant
polynomial f5 of degree 40 defined on this vector space. We would like to apply Theorem 10 and Lemma 11 to
bound the number Ny (Ss, X), but we must first rewrite the problem in terms of strong multiples of an appropriate
polynomial.

Suppose that K/Q is a non-Galois S5 quintic extension totally ramified at some prime p. We claim that the
discriminant polynomial f5 is strongly a multiple of p* at the element v € V(Z) corresponding to this extension. We
will perform the computation more explicitly, rather than use Theorems III.2.6 and II1.2.9 of [15], as we will show
that this can be determined from the congruence classes of the structure constants of Ok in an appropriate basis.
Suppose that p ramifies as p = p° in K. As Ok /pOx = Z/pZ, for any integral basis {1,r1,72, 73,74} for Ok, we may
construct an integral basis {1,771, 75, 75,74} such that v,(r;) = 4, as follows. Choose some integer 0 < ago < p — 1
such that ago = r1 (mod p), and let 7} = r1 — aoo, then r; € p. Next, choose some integers 0 < a10, 11 < p— 1 such
that ro = ao + o117 (mod p2); we may define rh i= 1o —117] — 10 which is evidently an element of pz. Proceeding
in this way yields a set {1, 7], 75, 73,74} which is an integral basis by construction. The discriminant of the ring Ok
(as defined in [2, 15]) is det Tr(rr}) where ry = 1, and Tr(r) is the trace of the multiplication-by-r map. For any
0 < k <4, if we write rirjr}, = Z?:O d;jrery for integers d;;re, then every term on the right hand side has a different
p-adic valuation, so that vy(dsjee) > ¢+ j and p|Tr(rir}) whenever (z,j) # (0,0). As all but one of the entries of the
5 X 5 matrix (r{r})o<i,j<4 are multiples of p, the discriminant of K is a multiple of pt. To see that fs is strongly
a multiple of p* at the corresponding point v € V(Z), pick any w € V(Z) with w = v(mod p). As the structure
constants of the ring associated to w are congruent to the structure constants of the ring associated to v modulo p
(from the explicit equations for the structure constants in Section 3), we may deduce the desired result as the trace
formula [2, 15] for the discriminant only depends on the structure constants of the ring.

The next step is to check that the conditions on the group action in Lemma 11 do hold for the action of GL4(Z) x
SL5(Z) on Z* ® A*Z°. We will not explicitly verify these axioms, but we will note that the following facts have been
proved about this action. First, the action of G(R) on V(R) is known to have three orbits [3], the stabilizer of any
element of V(C) is the group S5 (Lemma 7), and the there is a fundamental domain for the action of G(R) on V(R)
[3].

We will now outline the proof. Recall that in the statement of Theorem 10, the lower triangular matrix is assumed
to have all diagonal entries to be positive and to be larger than some fixed constant. We can then split the vector
space into many regions, depending on whether certain coordinates are zero or not (see[3]). Then in each region, the
integral over the fundamental domain can be bounded by applying Theorem 10 to the integrand, and then choosing
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an appropriate measure for the domain ([3] gives such a measure). Note at this step, we have to use the fact (see
[4, 17]) that the variety defined by fs and its first three partial derivatives with respect to one variable does have
codimension 4. Bounding this integral for each region, and summing over all of the regions, yields the theorem.

6 Other results

We briefly mention other results concerning Malle’s Conjecture. The conjecture has been proven (including [5, 8]) for
the embeddings Ss — Ss (corresponding to Galois S3 extensions, the proof uses the Davenport-Heilbronn Theorem
for the asymptotics for non-Galois cubic extensions, and the fact that every Ss extension contains a unique non-Galois
cubic extension) and D4 — S4 (by proving that the associated Dirichlet series are holomorphic in the appropriate
domain). We also note that Kliiners [11] came up with a counterexample to the conjecture, for a particular class of
degree-6 field extensions L/Q for which there exists an intermediate field K with Gal(L/K) & Z/3Z and Gal(K/Q) =
Z/27.
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